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Nonisothermal unsteady flow of a real gas in a pipe is studied. A 
numerical method is given for solving a system of quasi-linear dif- 
ferential equations that describe the flow of a real gas in a stopped 
pipe. The calculated results are discussed. 

1. U s i n g  the  e q u a t i o n s  of c o n s e r v a t i o n  of  m a s s ,  

m o t i o n ,  and e n e r g y  in the  f o r m  o f [ l ] ,  t he  e q u a t i o n  of 
s t a t e  of a r e a l  gas  in B e r t h e l o t  f o r m ,  and i g n o r i n g ,  as  

u s u a l  [1], t he  c h a n g e  in t h e  g e o m e t r i c  h e i g h t  and v e -  
l o c i t y  of t he  g a s  a long  t h e  c o o r d i n a t e  and wi th  r e s p e c t  

to t i m e ,  we  ob t a in  
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U n d e r  t h e s e  a s s u m p t i o n s ,  t he  p r o b l e m  bor i s  down 

to f ind ing  the  s o l u t i o n  P = P ( x , t ) ,  T = T ( x , t ) ,  and  G = 
= G(x, t) of s y s t e m  (1) in t h e  d o m a i n  D O (0 <__ x _< L ,  

t _> 0), wh ich  s a t i s f i e s  t he  i n i t i a l  c o n d i t i o n s  

P ( x ,  0 ) = / ( x ) ;  r ( x ,  0)=r  ( 0 < x < L ) ,  (2) 

and t h e  b o u n d a r y  c o n d i t i o n s  

G(O, t ) =  O; G(L, t ) =  O. (3) 

With  t h i s  f o r m u l a t i o n ,  s o l u t i o n  of s y s t e m  (1 ) - (3 )  
in f i n i t e  a n a l y t i c  f o r m  i n v o l v e s  i n s u r m o u n t a b l e  d i f f i -  

c u r i e s .  T h e r e f o r e ,  a n u m e r i c a l  m e t h o d  f o r  s o l v i n g  

th i s  b o u n d a r y - v a l u e  p r o b l e m  on a c o m p u t e r  i s  p r o p o s e d  
be low.  

2. F o r  c o n v e n i e n c e  of c o m p u t e r  so lu t i on ,  we  sha l l  

t r a n s f o r m  s y s t e m  (1 ) - (3 ) .  If we e l i m i n a t e  0 G / 0 x  f r o m  
the  f i r s t  e q u a t i o n  and s o l v e  the  new s y s t e m  f o r  the  
d e r i v a t i v e s  0 P / 0 t  and 0 T / a t ,  and i f  we a l s o  u s e t h e  d i -  
m e n s i o n l e s s  v a r i a b l e s  p0 = P / P c ,  To = T / T c ,  G o = 
= G / G H ,  x0 = x / L ,  and t o = t c / L ,  we  ob t a in  
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al = L'cPc; b 1 = mP~/4abG~L2; b,, = GaTr 

b~ = 9mG.Tr 256aL; 

9 2 2 3 b~ = -bLG.Tc/Pr Cr = CoG. ; nl  = nTr . (4) 

The  b o u n d a r y  c o n d i t i o n s  in the  c a s e  in q u e s t i o n  o b -  

v i o u s l y  h a v e  the  f o r m  

(o ,  t ~ = c ~ (1 ,  t o) - o .  (5) 

The  in t i t i a l  d i s t r i b u t i o n  p0, T 0, and G~ ~ < 0) i s  the  
s o l u t i o n  of the  s y s t e m  of e q u a t i o n s  o b t a i n e d  f r o m  (4) 

p r o v i d e d  tha t  the  d e r i v a t i v e s  of  the  unknown f u n c t i o n s  
wi th  r e s p e c t  to t i m e  a r e  z e r o :  

G " =  1, 

d (po)~ _ b4zoTo, 
dx o 

dT~ ( T~ Za OZo _t_ , ITO __ T,n 
dx  o (po)~ OT o 

x ~ po=po.  T o = T  O 
n '  H 9 

( 6 )  

w h e r e  c z = a c 0 L G I ~ / T c  and n z = a n L / G  H. 
L e t  us  r e p l a c e  the  d e r i v a t i v e s  of s y s t e m  (4) at t he  

n o d e s  of t he  r e c t a n g u I a r  n e t w o r k  by the  d i f f e r e n c e  r e -  
l a t i o n s  
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By analogy with the l i n e a r  case for  hyperbol ic  equa- 
t ions ,  we rep lace  aT~  ~ at the node (i ,k)  by the dif-  
f e rence  r e l a t i o n  (W[, k+,  - k ) / h  o r  (W0, k - 
- T ~  accord ing  to the s ign coeff ic ient  of the 
der iva t ive  in (7) into the second equat ion of (4). If we 
subs t i tu te  (7) into (4), we obtain a sy s t em of di f ference 
equat ions that approximate  (4): 
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(i =1,  2, ..., n - - 1 ;  k = 1, 2 . . . .  ), (8) 

where  n is  t h e n u m b e r  of i n t e r va l s  the in t eg ra t ion  range  
(0 _< x 0 _< 1) is divided into; and c~ = t/h2; h = l / n ;  B 1 = 

= b J P c ;  /32 = b z ( t J P c )  ; B a = b~( L/CPe);  C~ = cz(L/  
cP c) ; N1 = nl( L / c P  c) . 

The values  ( z0TO ) i - # 2 , k + l  and ( z0T~ a re  
found by l i n e a r  in te rpo la t ion  be tween the va lues  at 
ad jacent  modes .  F o r m u l a s  (8) approximate  Eqs.  (4) 
with accuracy  to O(h). 

Let us d i scus s  approx imat ion  of the boundary  c o n -  
di t ions .  As can be seen f rom Eqs. (5), a l l  of the u n -  
known funct ions at the boundary  nodes,  which a re  s i t -  
uated on the l ines  x0 = 0 and x0 = 1, cannot  be d e t e r -  
mined  f rom the boundary  condi t ions .  For  the boundary  
nodes we mus t  obtain d i f fe rence  r e l a t ions  that approx-  
imate  the d i f ferent ia l  equat ions  at the boundar ies .  We 
wil l  a s s u m e  that Eqs.  (4) a re  a lso  sa t i s f ied  at the 
boundar i e s  x ~ = 0 and x0 = 1. If we e l imina t e  a2(p0)2/  
/0(x~ 2 f r o m  (4), we obtain 

Opo 1=,o 1 OT ~ 

- ro (20+7  o  )oroj O-7 =ZoX 

OT~ a ~ 0% B~aO ~x  ~ +CdGO) (T o) (po)-~ zo -~o-N~ (T ~  T o) 
X 

m ( z ~  02~ 
OTv/ 

O (po)2 
- -  b4zoT ~ (Go) 2. (9) 

0x o 

If we approx imate  the second equat ion of (9) at the 
boundary  nodes (0,k + 1) and (n ,k  + 1), we find 

(P~ ~+, - -  (P~ k +, 
h = - -  b4 [zo T o ( 6 ~  

po2 2 
( )n,k+l  ~ (P~ = - -  G [zoT~ - 

h 
( 1 o )  

Here ,  the de r iva t ive  &(P~176 is  r e p r e s e n t e d  at the 
boundar i e s  by one - s ided  d i f fe rences .  Cons ide r ing  (5), 
we obtain 

pO pO no pO ( k = 0 ,  1, 2 . . . .  ). ( 1 1 )  O,k+l ~ l,k+l , rn.k+l  ~ n--l.k+l 

Approx imat ion  of the f i r s t  equat ion of (9) at  the 
boundary  nodes (0, k) and in, k) r e s u l t s  in d i f fe rence  



JOURNAL OF ENGINEERING PHYSICS 91 

P 

~8 

6 

06  0.8 x 0.2 tYr 

Fig .  1. P r e s s u r e  s t ab i l i z a t i on  c u r v e s :  1) t o = 0; 2) 0.25; 
3) 0.5;  4) 1.0; 5) 1.5; 6) 2 .0 .  
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F ig .  2. T e m p e r a t u r e  s t a b i l i z a t i on  c u r v e s :  1) t o = 0; 2) 0.25;  
3) 0.5;  4) 1.0; 5) 1.5;  6) 2. O. 
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Fig. 3. Temperature and pres-  
sure at ends of pipe versus time: 
1) P~ 1') T~ 2) P~ 2') 
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Fig. 4. Flow-rate stabilization 
curves: 1) t o = 0; 2) 0.25; 3) 0.5; 
4) 1.0; 5) 1.5; 6) 2.0; 7) 2.25. 
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Fig.  5. T e m p e r a t u r e  at ends of pipe v e r s u s  t ime:  1) 
T~ 2) T~ 3) T~ .  
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r e l a t ions  f rom which we de t e rmine  T~, k+l and 

T~ k+l : 

0 0 r 

TOo.k+1 = Po.k+IB-- C ; Tn.k+l~ = Pn.*+,B,--C 

B =  p~ 1 
T~ ( Oz~ ; 

m z o + T O OT ~ ! 

--To.h) + C : = -  1:(z~176176 o 

m (z~+ TO OZo) 
\ OT o ] 

+ p O k [ 1  - 1 

�9 [ m ( z o + T  ~ Oz~ ' 
�9 OT ~ ]o,k 

B ' =  P~ 
T o m ( z  o + T O Oz~ 

C' = - ~c(z~ Nl  (T~176 T~ t- 

( m z o + T o OT~ 

+ o[1 ( 1 ] 
zo+TO 

OT~ l ~.k 

( k = 0 ,  1, 2 . . . .  ). (12) 

Re la t ions  (6) and (12), toge ther  with boundary  c o n -  
di t ions (5), r e p r e s e n t  a complete  sy s t em of equat ions 
for de t e rmin ing  the unknown funct ions  at the boundary  

nodes on the l i n e s x 0  = 0 a n d x 0  = 1. The o rde r  of e r -  
r o r  in this  bounda ry -cond i t ion  approx imat ion  is 0(h). 

3. The expl ici t  d i f fe rence  scheme (7), (11), and 
(12) was used in the n u m e r i c a l  solut ion [6], The p r o -  
g r a m  for the BESM-2M computer  has two par t s .  

The f i r s t  par t ,  on the bas i s  of a s t andard  p r o g r a m ,  
solves  sys t em (6) of o r d i n a r y  d i f fe rent ia l  equat ions 
by the Runge-Kut ta  method with a cons tant  step h for 
f inding the in i t i a l  d i s t r ibu t ion  P~ x ~ and T~ x~ 

The second par t  r e a l i z e s  ca lcu la t ion  by d i f fe rence  
scheme (7), (11), and (12). The p r o g r a m  p e r m i t s  v a r i -  
a t ions  of the step h within the l imi t s  of the opera t iona l  
m e m o r y  and opera tes  with in fo rmat ion  that  is c o m -  
plete ly  s to rab le  in the opera t iona l  m e m o r y  without the 
use of magnet ic  d r u m s  and tapes ,  except for the eases  
provided for by the in t e rna l  i n s t ruc t ions  of the compu-  
t e r  or  s tandard  subrou t ines .  

4. As an example,  a ca lcu la t ion  was made with the 
following in i t ia l  data: L = 100 km, D = 0.7 m,  PH = 

= 55.  104'N/m 2, G H = 100 k g / s e c ,  T H = 320 ~ K, and 
T o = 285 ~ K. The gas was methane;  Pc = 45. 8.104 N/  
/ m  2 and T e = 190 ~ K. 

The in i t i a l  condi t ions  were  (to < 0): Go = 1, x0 = 
= 0 ,  T ~  p0 = 1 . 2  (for solving sys t em (6)). 

The boundary  condi t ions  were  ( t  o > 0) : x ~ = 0, G o = 
= 0 ;  x 0 = 1 ,  G O = 0 .  

Figu re  1 shows cu rves  of p r e s s u r e  s t ab i l i za t ion  
af ter  stopping of the pipe.  With t ime ,  at the left end 

(x0 = 0) the p r e s s u r e  drops ,  owing to r e t u r n f l o w f r o m  
the h i g h e r - p r e s s u r e  region to the l o w e r - p r e s s u r e  r e -  
gion. On the r ight  end (x ~ = 1) the p r e s s u r e  i n c r e a s e s ,  
as compared  with the steady value. It is i n t e r e s t i ng  
to note that at the point x0 = 0.55 the p r e s s u r e  r e m a i n s  
cons tant  dur ing  s tab i l i za t ion  and equals  the steady 
value P~ 0.55).  

An approx imat ion  fo rmula  for de t e rmin ing  the length 
l ~ of the segment  to the c o n s t a n t - p r e s s u r e  point d u r -  
ing s tab i l i za t ion  under  i s o t h e r m a l  condit ions is given 
in [6]. As applied to our  condi t ions ,  l 0 = 0.55. 

With i s o t h e r m a l  gas motion,  the p r e s s u r e  r e m a i n s  
constant  at the point x 0 = 0.50 [4, 5]. Thus,  the f o r -  
mu las  in [3,4] give r e su l t s  that differ  by 5-10% f rom 
the n u m e r i c a l  solutioI~ for non i so the rma l  gas motion.  
The posi t ion of the c o n s t a n t - p r e s s u r e  point is  a func-  
t ion of the t e m p e r a t u r e  d i s t r ibu t ion  along the length of 
the pipe. 

F igure  2 shows cu rves  of the t e m p e r a t u r e  d e p r e s -  
s ion along the pipe for  d i f ferent  t imes .  It is apparen t  
f rom Fig. 2 that at the left end the gas t e m p e r a t u r e  
d e c r e a s e s  with t ime  due to the J o u l e - T h o m s o n  effect,  
s ince P~ t c) becomes  l e s s  than p0( 0, 0). On the r ight  
end, p0(1, t c) i n c r e a s e s  and, t he re fo re ,  the r e a l - g a s  
t e m p e r a t u r e  i n c r e a s e s  (up to the m o m e n t  of p r e s s u r e  
s tabi l iza t ion) .  F igure  3 shows cu rves  of p r e s s u r e ( i ,  
2) and t e m p e r a t u r e  (1' ,  2') v e r s u s  t ime .  When t o -> 
>_ 2 - 3 ,  the p r e s s u r e - s t a b i l i z a t i o n  p roces s  is p r a c -  
t i ca l ly  completed.  During th is  t ime ,  the gas front ,  at 
the speed of sound, cove r s  a d i s tance  of twice (or 
th ree  t imes)  the length of the pipe. The gas flow is 
p r ac t i ca l l y  stopped at t o/-_ 2 - 3 .  

F igure  4 shows cu rves  of the m a s s  f low-ra te  d i s -  
t r ibu t ion  along the pipe at va r ious  t imes .  It can be 
seen  that when t ~ 2 - 3 ,  G O - -  0, i . e . ,  the gas flow 
is stopped for all  p rac t i ca l  purposes .  The p r e s s u r e -  
s tab i l i za t ion  t ime  for the condi t ions  of our  example  is ,  
as ca lcu la ted  by the approx imat ion  fo rmula  in [3], about 
15 min .  N ume r i c a l  ca lcu la t ion  gives a s i m i l a r  r e s u l t  
of 10-12  rain. Thus,  the fo rmula  in [3] can  be used 
for p rac t i ca l  appl ica t ions .  Af te r  stopping of the gas ,  
due to heat  t r a n s f e r  with the ground,  the t e m p e r a t u r e  
at the r ight  and left ends begins  to drop and when 
t o - -  o~ it becomes  equal to t o (Fig. 5). The t e m p e r -  
a ture  curve  co r r e spond ing  to the r ight  end of the pipe 
(x 0 = 1) pa s se s  through a m a x i m u m  at to = 2. in  p r a c -  
t ice ,  when t o >_ 100 the gas t e m p e r a t u r e  is s tabi l ized,  
i. e . ,  i t  r eaches  the ground t e m p e r a t u r e .  Af ter  p r e s -  
su re  s tab i l iza t ion ,  the las t  equat ion of sy s t em (1)takes 
the fo rm 

d r _  n(zo) m ( T o - - T ) T .  (13) 
dt Pro, 

If we in tegra te  (13), a f ter  reduc t ion  to d i m e n s i o n -  
l e s s  fo rm we obtain 

To / 
exp[-- ~( t~  (14) T ~ 1 7 6  I -  T o ] 

where  fl = K~rDRzoToL/epfPmC; t~ is  the t ime  for  
fl 

p r e s s u r e  s t ab i l i za t ion  to P~ and T 1 is the gas t e m -  
p e r a t u r e  at the moment  of p r e s s u r e  s tab i l iza t ion .  
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If we so lve  (14) for  K, we f ind 

K -  t o _ t  ~ , T~ J/~ T O jj ' 
(15) 

w h e r e  flo = C p f P m C / ~  DRzoToL- 
The t e m p e r a t u r e  d i s t r i b u t i o n  a f t e r  p r e s s u r e  s t a b i -  

l i z a t i on  (Fig .  5) is  c a l c u l a t e d  by f o r m u l a  (14). 
If we m e a s u r e  the  t e m p e r a t u r e  v a r i a t i o n  dur ing  

s t a b i l i z a t i o n ,  we can ,  us ing  f o r m u l a  (15), d e t e r m i n e  
the  m e a n  value  of the  coe f f i c i en t  of hea t  t r a n s f e r  f r o m  
the pipe to the  ground  (K). 

NOTATION 

G is  the  weight  flow ra t e ;  P is  the p r e s s u r e ;  T is 
the t e m p e r a t u r e ;  f and D a r e  the c r o s s - s e c t i o n a l  a r e a  
and tube d i a m e t e r ,  r e s p e c t i v e l y ;  X is  the  hydrau l i c  
r e s i s t a n c e  coef f i c ien t ;  R and ep a r e  the  gas  cons tan t  
and i s o b a r i c  hea t  capac i ty ;  c is  the  speed  of sound in 
gas ;  A is  the t h e r m a l  equiva len t  of work ;  K is  the  
hea t  t r a n s f e r  f r o m  g a s t o  soi l  with Newton- law t e m p e r -  
a tu re  d i s t r i bu t i on ;  z o is the c o m p r e s s i b i l i t y  coef f i c ien t  
( f rom B e r t h e l o t  s t a t e  equat ion [2]); Pc  and T c a r e  the  
c r i t i c a l  p a r a m e t e r s  of the  r e a l  gas;  t i s  the  t i m e ;  x i s  

the  coo rd ina t e ;  T and h a r e  the  t i m e  in t e rva l  and co-  
o rd ina t e ,  r e s p e c t i v e l y .  
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